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In this paper we shall derive new solitary pattern solutions of the nonlinear dispersive KdV equation
(shortly called K(n,m,k) ) by use of simple methods. The properties of these K(n,m,k) equations are
shown in figures.
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1. Introduction

Travelling wave solutions are important in nonlinear
science. These solutions describe phenomena such as
vibrations, solitons and propagation with finite speed.
In recent years, direct search for exact solutions of non-
linear partial differential equations (PDEs) has become
more and more attractive, partly due to the availabil-
ity of computer systems like Maple or Mathematica,
which allow to perform complicated and tedious alge-
braic calculations and to find new exact solutions of
PDEs [1 – 4].

In 1993 Rosenau and Hyman [5] introduced a class
of PDEs, i. e.

K(m,n) : ut + a(um)x +(un)xxx = 0,

m > 1, 1 ≤ n ≤ 3,
(1)

which are generalizations of the Korteweg-de Vries
(KdV) equation. For certain values of m and n, the
K(m,n) equation yields solitary waves which are com-
pactly supported. For m = n these solitary waves,
the so-called compactons, take the particularly simple
form

u =
{

2nλ
n+ 1

cos

[
n−1

4n
(x−λ t)

]}2/(n−1)

,

when |x−λ t| ≤ 2nπ
n−1

and

u = 0, otherwise. (2)

For a < 0 one obtains solitary patterns having cusps or
infinite slopes [6]. In (1), if a = 1, then this equation
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has a focusing (+) branch, and if a = −1, then this
equation has a defocusing (−) branch. It is shown that
the focusing branches of these equations exhibit com-
pactons that are solitons with infinite wavelength, how-
ever the defocusing branches support solitary pattern
solutions with infinite slopes or cusps. More works on
compactons and solitary pattern solutions of this type
of equations can be found in [7 – 14].

We consist the following nonlinear dispersive
K(n,m), K(n,m,k) and K(n,m,k, l) equations:

ut + a(un)x + b(um)xxx = 0, (3)

ut + a(un)x + b(um)xxx + c
(

uk
)

yyy
= 0, (4)

ut +a(un)x +b(um)xxx +c
(

uk
)

yyy
+r

(
ul

)
zzz

= 0, (5)

where a, b, c,m,n,k, l and r > 0 are constants. The
aim of this paper is to investigate other new solitary
pattern solutions of (4), which is called the K(n,m,k)
equation. In addition, we can also obtain new solitary
pattern solutions of (3) and (5) in a similar manner.

The rest of this paper is organized as follows: In
Sect. 2 we give several general solitary pattern solu-
tions and some solitary and singular solitary wave so-
lutions of (4). In the last Section some conclusions are
given.

2. General Formulas of Solitary Pattern Solutions
of Eq. (4)

We first make the travelling wave transformation

u(x,y, t) = U (ξ ) , ξ = x+ y−λ t, (6)
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where λ is a constant. Then (4) reduces to

−λU ′ + a(Un)′ + b(Um)′′′ + c(Uk)′′′ = 0. (7)

Integrating (7) once and setting the integration constant
to zero, we have

−λU + aUn + b(Um)′′ + c(Uk)′′ = 0. (8)

We assume that the general solitary pattern solutions
have three different forms [8 – 11]:

Type A:

u(x,y, t) = U (ξ ) = Psinhβ (Rξ ) , (9)

Type B:

u(x,y, t) = U (ξ ) = Pcoshβ (Rξ ) , (10)

Type C:

u(x,y, t) =U (ξ ) = P(cosh(Rξ )+ sinh(Rξ ))β , (11)

where P,R and β are constants to be determined later.
Substituting (9) into (8), with the aid of Mathemat-

ica we easily have

m = n, β =
2

k−1
, Pk−1 = − 2λ bm2

ack(k + 1)
,

R =
√
−a

b
k−1
2m

, ab < 0, (12)

n = k, β =
2

k−n
, Pk−n =

2k
k + n

,

R =
√
−a

c
k−n

2k
, ac < 0, (13)

m = 1, β = − 2
n−1

, Pn−1 = −8mb(1−2m−n)
a(n−1)4 ,

R =

√
λ
b

n−1
2

, λ b > 0, (14)

n = k, β =
2

m−1
, Pm−1 = − λ c(m−1)

ma(m+ 1)
,

R =
√
−a

c
m−1

2k
, ac < 0, (15)

m = n = k, β =
1
k
, R = k

√
− 1

a(bm2 + k2)
,

kβ −1 = 0, a(bm2 + k2) < 0.

(16)

In view of (12) – (16), we have the following con-
clusions:

2.1. Solitary Pattern and Solitary Wave Solutions
of Eq. (4)

Type A:
Case 1. When m = n �= k, the exact solution of the

K(m,m,k) equations is

u(x,y, t) =
{
− 2λ bm2

ack(k + 1)
(17)

· sinh2
[√

−a
b

k−1
2m

(x+y−λ t)
]}1/(k−1)

.

Remark 1. For m = n > k we know that (17) is similar
to solutions of the K(n,n) equation by Wazwaz [13]
and Yan [10, 11]. For m = n < k, it is easily seen that
(17) becomes

u(x,y, t) =
{
− ack(k + 1)

2λ bm2 (18)

· csch2
[√

−a
b

k−1
2m

(x+y−λ t)
]}1/(1−k)

,

which is the bell-shaped solitary wave solution.
Case 2. When n = k �= m, the exact solution of the

K(n,m,n) equations is given by

u(x,y, t) =
{ 2k

k + n
(19)

· sinh2
[√

−a
c

k−n
2k

(x+y−λ t)
]}1/(k−n)

.

For n = k < m it is easy to see that (19) becomes the
solitary wave solution

u(x,y, t) =
{k + n

2k
(20)

· csch2
[√

−a
c

k−n
2k

(x+y−λ t)
]}1/(n−k)

.

Case 3. When m = 1, n �= 1, the exact solution of
the K(n,1,k) equations is

u(x,y, t) =
{
− 8bm(1−2m−n)

a(n−1)4 (21)

· sinh2
[√λ

b
n−1

2
(x+ y−λ t)

]}1/(n−1)
.
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For m = 1, n �= 1 it is easy to see that (21) becomes the
solitary wave solution

u(x,y, t) =
{
− a(n−1)4

8bm(1−2m−n)
(22)

· csch2
[√λ

b
n−1

2
(x+ y−λ t)

]}1/(1−n)
.

Case 4. When n = k �= m, the exact solution of the
K(k,m,k) equations is

u(x,y, t) =
{
− cλ (m−1)

ma(m+ 1)
(23)

· sinh2
[√

−a
c

m−1
2k

(x+ y−λ t)
]} 1

m−1
.

For n = k �= m it is easy to see that (23) becomes the
solitary wave solution

u(x,y, t) =
{
− ma(m+ 1)

cλ (m−1)
(24)

· csch2
[√

−a
c

m−1
2k

(x+ y−λ t)
]} 1

1−m
.

Case 5. When m = n = k, the exact solution of the
K(n,n,n) equations is

u(x,y, t)= P
{

sinh
[
k

√
− 1

a(bm2 + k2)
(x+y−λ t)

]} 1
k
.

(25)

Remark 2. When m = n = k < 0 it is easy to see that
(25) becomes

u(x,y, t) = P
{

csch
[
k

√
− 1

a(bm2 + k2)

· (x+ y−λ t)
]}− 1

k
, (26)

which is the singular solitary wave solution of (4). The
solution develops a singularity at a finite point, i.e., for
any fixed t = t0 there exists a point x = x0 where the
solution blows-up [15].

Type B: Similar to Type A, substituting (10) into (8)
we can obtain other solitary patterns and solitary wave
solutions of (4).

Fig. 1. The surface shows the bell-shaped solitary wave solu-
tion of (18) for −4≤ x,y ≤ 4, where a = 4,c = t = 1,λ = 0.5
and b = k = −2.

Fig. 2. The surface shows the solitary pattern solution of (19)
for −3.5 ≤ x,y ≤ 3.5, where a = 4,c = t = 1,λ = 0.5, n = 1
and k = 2.

Case 6. When m = n �= k, then the exact solution of
the K(m,m,k) equations is given by

u(x,y, t) =
{ 2λ bm2

ack(k + 1)
(27)

· cosh2
[√

−a
b

k−1
2m

(x+y−λ t)
]}1/(k−1)

.

Remark 3. We know that (27) is a solitary pattern so-
lution having infinite slopes or cusps. For m = n > k
we know that (27) is a solitary pattern solution that
is similar to solutions of the mK(m,n,k) equation by
Yan [11]. For m = n < k, it easily seen that (27) be-
comes

u(x,y, t) =
{ack(k + 1)

2λ bm2 (28)

· sech2
[√

−a
b

k−1
2m

(x+y−λ t)
]}1/(1−k)

,

which is the solitary wave solution.
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Fig. 3. The surface shows the dark-shaped solitary wave so-
lution of (28) for −4 ≤ x,y ≤ 4, where b = k = −2,c = m =
t = 1,λ = 0.5 and a = 4..

Fig. 4. The surface shows the solitary pattern solution of (29)
for 0 ≤ x,y ≤ 2, where a = −4,c = t = 1,λ = 2, n = 2 and
k = −1.

Case 7. When n = k �= m, then the exact solution of
the K(n,m,n) equations is given by

u(x,y, t) =
{ 2k

k + n
(29)

· cosh2
[√

−a
c

k−n
2k

(x+y−λ t)
]}1/(k−n)

.

For n = k > m we know that (29) is a solitary pattern
solution. In addition, for n = k < m it is easily seen that
(29) becomes the solitary wave solution

u(x,y, t) =
{k + n

2k
(30)

· sech2
[√

−a
c

k−n
2k

(x+y−λ t)
]}1/(n−k)

.

Case 8. When m = 1,n �= 1, then the exact solution
of K(n,1,k) equations is given by

u(x,y, t) =
{
− 8bm(1−2m−n)

a(n−1)4 (31)

· cosh2
[√λ

b
n−1

2
(x+ y−λ t)

]}1/(n−1)
.

For m = 1,n �= 1, we know that (31) is a solitary pattern
solution of (4). While when m = 1,n �= 1 < k it is easily
seen that (31) becomes the solitary wave solution

u(x,y, t) =
{
− a(n−1)4

8bm(1−2m−n)
(32)

· sech2
[√λ

b
n−1

2
(x+ y−λ t)

]}1/(1−n)
.

Case 9. When n = k �= m, then the exact solution of
the K(k,m,k) equations is given by

u(x,y, t) =
{
− cλ (m−1)

ma(m+ 1)
(33)

· cosh2
[√

−a
c

m−1
2k

(x+ y−λ t)
]} 1

m−1
.

For n = k �= m we know that (33) is a solitary pattern
solution. If n = k < m it is easily seen that (33) becomes
the solitary wave solution

u(x,y, t) =
{
− ma(m+ 1)

cλ (m−1)
(34)

· sech2
[√

−a
c

m−1
2k

(x+ y−λ t)
]} 1

1−m
.

Case 10. When m = n = k, then the exact solution
of the K(n,n,n) equations is given by

u(x,y, t)= P
{

cosh
[
k

√
− 1

a(bm2 + k2)
(x+y−λ t)

]} 1
k
,

(35)

while when m = n = k < 0 it is easy to see that (35)
becomes

u(x,y, t) = P
{

sech
[
k

√
− 1

a(bm2 + k2)

· (x+ y−λ t)
]}−1/k

, (36)
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Fig. 5. The surface shows the solitary pattern solution of (42)
for −10 ≤ x,y ≤ 10, where k = 2,c = t = 1,λ = 0.5 and
a = −1.

which is the singular solitary wave solution of (4).

Type C: Substituting (11) into (8), we obtain an-
other solitary pattern and solitary wave solutions of (4):

n = k, β =
2

k−1
, Pk−1 =

λ (k−1)2

2ck(k−3)
,

R =

√
−a(k−1)

2ck
, ck < 0,

(37)

n = k, β = − 2
k−m

, Pk−m = − bm(k−m)
2ck(n− k + 2)

,

R =

√
−a(k−m)

2ck
, ck < 0,

(38)

k = 1, β = − 2
n−1

, Pn−1 = −2ck(n−3)
a(n−1)2 ,

R =

√
−λ (1−n)

2ck
, ck < 0,

(39)

m = k, β =
2

k−n
, Pk−n =

a(k−n)2

2ck(n− k + 2)
,

R =

√
ck
bm

,

(40)

m = n = k, β = 1, R =
√
− a

bm+ ck
,

β −1 = 0, a < 0.

(41)

Case 11. When n = k �= m, then the exact solution
of the K(k,m,k) equations is given by

u =
{2ck(k−3)

λ (k−1)2

[
cosh

(√
−a(k−1)

2ck
(ξ )

)

+ sinh
(√

−a(k−1)
2ck

(ξ )
)]2}1/(k−1)

.

(42)

For n = k < m we get the solitary wave solution

u =
{ λ (k−1)2

2ck(k−3)

[
sech

(√
−a(k−1)

2ck
(ξ )

)

+ csch
(√

−a(k−1)
2ck

(ξ )
)]2}1/(1−k)

.

(43)

Case 12. When n = k �= m, then the exact solution of
the K(k,m,k) equations is given by

u =
{
− 2ck(n− k + 2)

bm(k−m)

· [cosh
√−A(ξ )+ sinh

√−A(ξ )
]2

} 1
k−m

,

(44)

where A = a(k−m)/2ck. For n = k < m, we obtain the
solitary wave solution

u =
{
− bm(k−m)

2ck(n− k + 2)

· [sech
√−A(ξ )+ csch

√−A(ξ )
]2} 1

m−k
.

(45)

Case 13. When k = 1,n �= 1, then the exact solution
of he K(n,1,k) equations is given by

u =
{
− a(n−1)2

2ck(n−3)

[
cosh

(√
−λ (1−n)

2ck
(ξ )

)

+ sinh
(√

−λ (1−n)
2ck

(ξ )
)]2} 1

n−1
.

(46)

For n = k < m we get the solitary wave solution

u =
{
− 2ck(n−3)

a(n−1)2

[
sech

(√
−λ (1−n)

2ck
(ξ )

)

+ csch
(√

−λ (1−n)
2ck

(ξ )
)]2} 1

1−n
.

(47)

Case 14. When m = k �= n, then the exact solution
of the K(n,m,m) equations is given by

u =
{2ck(n− k + 2)

a(k−n)2

[
cosh

(√
ck
bm

(ξ )
)

+ sinh
(√

ck
bm

(ξ )
)]2} 1

k−n
.

(48)

For m = k < n we get the solitary wave solution

u =
{ a(k−n)2

2ck(n− k + 2)

[
sech

(√
ck
bm

(ξ )
)

+ csch
(√

ck
bm

(ξ )
)]2} 1

n−k
.

(49)
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Fig. 6. The surface shows the
solitary wave solution of (43)
for −6 ≤ x,y ≤ 6, where k =
2,c = t = 1,λ = 0.5, a = −1.

Case 15. When m = n = k, then the exact solution
of the K(n,n,n) equations is given by

u = P
{

cosh
(√

− a
bm+ ck

(x+ y−λ t)
)

+ sinh
(√

− a
bm+ ck

(x+ y−λ t)
)}

.

(50)

When k = m = n < 0, it is easy to see that (50) becomes

u = P
{

sech
(√

− a
bm+ ck

(x+ y−λ t)
)

+ csch
(√

− a
bm+ ck

(x+ y−λ t)
)}

,

(51)

which is the singular solitary wave solution of (4).

Remark 4. Wazwaz [13] obtained some compacton so-
lutions for the nonlinear dispersive K(n,n), K(n,n,n)
and K(n,n,n,n) equations, but we present a new form
of the solitary pattern solutions for nonlinear dispersive
K(n,m,k) equations of Type C. This type of solution

was theoretically presented by Yan [11] for the modi-
fied nonlinear dispersive mK(m,n,k) equations, but he
has not obtained this type of solitary pattern solutions.
In this paper, the presented solutions of (4) were not
found by any of the methods [13 – 16]. The properties
of some solutions are shown in Figures 1 – 6.

3. Conclusions

In this paper we obtained several types of solitary
pattern solutions of two-dimensional nonlinear dis-
persion K(n,m,k) equations for different parameters
n,m and k. Thus, by this work we extended the pre-
vious studies on solitary pattern solutions for two-
dimensional nonlinear dispersion K(n,m,k) equations
and developed general formulas for the solutions of
this type of equations with constant coefficients.

The present method is direct and efficient to obtain
new solitary pattern and solitary wave solutions of (4).
Our method is very easily applied to both this type of
nonlinear dispersive and the modified nonlinear disper-
sive equations in higher dimensional spaces.
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