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In this paper we shall derive new solitary pattern solutions of the nonlinear dispersive KdV equation
(shortly called K(n,m,k) ) by use of simple methods. The properties of these K(n,m,k) equations are

shown in figures.
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1. Introduction

Travelling wave solutions areimportant in nonlinear
science. These solutions describe phenomena such as
vibrations, solitons and propagation with finite speed.
Inrecent years, direct search for exact solutions of non-
linear partia differential equations (PDES) has become
more and more attractive, partly due to the availabil-
ity of computer systems like Maple or Mathematica,
which allow to perform complicated and tedious alge-
braic calculations and to find new exact solutions of
PDEs[1-4].

In 1993 Rosenau and Hyman [5] introduced a class
of PDEs,i.e.

K(m,n) : u+a(u™), + (U"), =0, )
m>11<n<3,

which are generalizations of the Korteweg-de Vries
(KdV) equation. For certain values of m and n, the
K (m, n) equation yields solitary waves which are com-
pactly supported. For m = n these solitary waves,
the so-called compactons, take the particularly simple

form
2n n—1 2/(n-1)
u_{mcos{ﬁ(x—lt)]} ,

when [x— At] < 2™ and
n—1
u=0, otherwise. 2
For a < 0 one obtains solitary patterns having cusps or
infinite slopes [6]. In (1), if a= 1, then this equation

has a focusing (+) branch, and if a = —1, then this
equation has adefocusing (—) branch. It is shown that
the focusing branches of these equations exhibit com-
pactonsthat are solitonswith infinite wavel ength, how-
ever the defocusing branches support solitary pattern
solutions with infinite slopes or cusps. More works on
compactons and solitary pattern solutions of this type
of equations can befound in [7—14].

We consist the following nonlinear dispersive
K(n,m), K(n,m,k) and K(n,m,k,|) equations:

U +a(u”),+b(UuM), =0, ©)

w+a(u),+ b(um)xxerC(uk)Wy:Q )

ut+a(u”)x+b(um)w+c(uk)yyy+r (u')mz 0, (5)

where a, b, c;m,n k| and r > 0 are constants. The
aim of this paper is to investigate other new solitary
pattern solutions of (4), which is called the K(n,m,k)
equation. In addition, we can also obtain new solitary
pattern solutions of (3) and (5) in asimilar manner.

The rest of this paper is organized as follows: In
Sect. 2 we give severa general solitary pattern solu-
tions and some solitary and singular solitary wave so-
lutions of (4). In the last Section some conclusions are
given.

2. General Formulasof Solitary Pattern Solutions
of Eq. (4)

We first make the travelling wave transformation

uyt) =U(§), & =x+y—A4t, (6)
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where A is aconstant. Then (4) reducesto
AU’ + a(U n)/ + b(U m)/// + C(U k)/// -0 (7)

Integrating (7) once and setting the integration constant
to zero, we have

—AU +au"+bU™” +cUX" =0. (8

We assume that the general solitary pattern solutions
have three different forms[8—11]:

TypeA:
u(xy,t) =U (&) = Psinh’ (RE), )
TypeB:
u(x,y,t) =U (€) = Pcosh? (RE), (10)
TypeC:
u(x,y,t) =U (£) = P(cosh(RE) +sinh(RE))P | (1)

where P,Rand 3 are constants to be determined | ater.
Substituting (9) into (8), with the aid of Mathemat-
icawe easily have

a2 1 2Abn?
m=npf=i{7 P =~ axkr1
R:,/—gk%m{ ab <0, (12)
B 2 ken 2k
n_k7ﬁ_k_n7p _k—f—n,
R:,/—g%, ac< 0, (13
B 2 n1_ 8mb(l—2m—n)
m—laﬁ——m,P ——W;
R:\/%”%l,u»o, (14)
B 2 m1_ AcC(m—1)
n_k’B_m—l’P ~ ma(m+1)’
R:,/—gmz—;{ ac <0, (15)
1 1
m=n=Kk, =+, R=k{/———5—5+
P Kk’ a(bm? +k2)’ (16)

kB —1=0, a(bm?+k?) < 0.
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In view of (12)-(16), we have the following con-
clusions:

2.1. Solitary Pattern and Solitary Wave Solutions
of Eq. (4)

TypeA:
Case 1. When m= n # k, the exact solution of the
K(m,m,k) equationsis

2Abm?
uixy.t) = {  ack(k+1)

- sinh? [\/jg%(xw—u)} }1/ ey,

Remark 1. For m=n> k we know that (17) issimilar
to solutions of the K(n,n) equation by Wazwaz [13]
and Yan [10,11]. For m=n < k; it is easily seen that
(17) becomes

(17)

ack(k+1
U(X,y,t) = {_ Zibn]z )

- csc? {\/—7%% (xty— )Lt)} }1/(1—k),

which is the bell-shaped solitary wave solution.
Case 2. When n = k # m, the exact solution of the
K(n,m,n) equationsis given by

(18)

2k
k+n

. sinh? [\/jg%(x—ky—lt)] }1/('(_").

For n=k < mitis easy to see that (19) becomes the
solitary wave solution

U(X7y7t) = { (19

k-+n
U(X7y,t) = {7

csch? [\/j%‘%(xw—u)} }1/ "

Case 3. When m= 1, n # 1, the exact solution of
the K(n, 1,k) equationsis

(20)

8bm(1—2m—n)
- aih-1)4

dint? {\/%n%l(xﬂ_m} }1/(n71>'

U(X, y7t) = { (21)
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Form= 1, n+# 1itiseasy to seethat (21) becomesthe
solitary wave solution

- a(n—1)*
upeyt) = { - 8om(1_2m—n)

- cschZ[\/%”%l(Hy—M)] }1/(1_”).

Case 4. When n = k # m, the exact solution of the
K(k,m,k) equationsis

(22)

cA(m—1)
~ ma(m+1)

- sinh? [\/jgmzil(xjuy—m)} }“’_11

For n=k # mit iseasy to seethat (23) becomesthe
solitary wave solution

ux,y,t) = { (23)

ma(m+ 1)
weyt) = { - A(m—1)

et 2T dchy - an]}

Case 5. When m = n = k, the exact solution of the
K(n,n,n) equationsis

(24)

u(x,y,t) = P{ sinh [k —Wi@(x+y—lt)} }%
(25

Remark 2. Whenm=n=k < 0itiseasy to see that
(25) becomes

1

U(X,y,t) = P{C&h[k —m

~(x+y—lt)]}7%,

which isthe singular solitary wave solution of (4). The
solution develops a singularity at afinite point, i.e., for
any fixed t =t there exists a point X = Xg where the
solution blows-up [15].

(26)

TypeB: Similar to Type A, substituting (10) into (8)
we can obtain other solitary patterns and solitary wave
solutions of (4).
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andb=k=-2.

Fig. 2. The surface shows the solitary pattern solution of (19)
for -3.5<xy<35 wherea=4,c=t=1,1=05n=1
andk=2.

Case 6. When m = n # k, then the exact solution of
the K(m, m,k) equationsis given by

2\ b?
ack(k+1)

- cosh? [\/jgk%ml(wy—lt)} }l/(kil).

Remark 3. We know that (27) is a solitary pattern so-
lution having infinite slopes or cusps. For m=n > k
we know that (27) is a solitary pattern solution that
is similar to solutions of the mK(m,n,k) equation by
Yan [11]. For m= n < k;, it easily seen that (27) be-
comes

u(x,y,t) = { (27

ack(k+1
Ut = {W

sech? {\/jg%(ery—M)} }Ml_k),

which is the solitary wave solution.

(28)
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-4
4
Fig. 3. The surface shows the dark-shaped solitary wave so-
lution of (28) for —4 < x,y<4,whereb=k=-2c=m=
t=1,A=05anda=4.

Fig. 4. The surface shows the solitary pattern solution of (29)
for0<x,y<2 wherea=-4c=t=1A1=2n=2and
k=-1

Case 7. When n = k ## m, then the exact solution of
the K(n,m,n) equationsis given by

2k
k+n

- cosh? [E%(H—y— M)} }l/(k7n>.

For n =k > m we know that (29) is a solitary pattern
solution. In addition, for n=k < mitiseasly seen that
(29) becomes the solitary wave solution

U(X’ y’t) = { (29

k+n
U(X,y,t) = {7

sech? [\/jg%(xw—m} }Mn_k).

(30)
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Case 8. When m= 1,n # 1, then the exact solution
of K(n,1,k) equationsis given by

8bm(1—2m—n)
- aih-1)4

- cosh? {\/%n%l(wry— )Lt)} }1/(n_1).

For m=1,n+# 1, weknow that (31) isasolitary pattern
solution of (4). Whilewhenm=1,n# 1< kitiseasly
seen that (31) becomes the solitary wave solution

U(X, y7t) = { (31)

- a(n—1)*
uixyt) = { - 8om(1_2m—n)

. sech? [\/% n%l(m—y— ) }1/ o

Case 9. When n = k # m, then the exact solution of
the K (k, m, k) equationsis given by

(32)

cA(m—1)
ma(m+ 1)

- cosh? [\/jgmzil(xjty—/lt)} }ﬁ

For n = k = mwe know that (33) is a solitary pattern
solution. If n=k < mitiseasily seenthat (33) becomes
the solitary wave solution

U(X,y,t) = {_ (33

ma(m+ 1)

~ cA(m—1) (39

ueeyit) =

~sech2{\/—7§m2;1(x+y—kt)”11m.

Case 10. When m = n = k, then the exact solution
of the K(n, n,n) equationsis given by

u(x,y,t) = P{ cosh {k — a(leJrkZ) (X+y-— lt)} } %,
(35)

whilewhenm=n=k < 0t is easy to see that (35)
becomes

1

u(x,y,t) = P{sech{k Ao+ D)

(x+y—a1)] }7l/k, (36)
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Fig. 5. The surface shows the solitary pattern solution of (42)
for —10 < x,y < 10, where k=2,c =t = 1,4 = 0.5 and
a=-1

which isthe singular solitary wave solution of (4).

Type C: Substituting (11) into (8), we obtain an-
other solitary pattern and solitary wave solutions of (4):

2 . Ak-1?
n=k p=——, Pci=2""")
’ k—1 2ck(k—3)’
il k=3 37)
ak—1
R ok , k<O,
_ _ 2 kem_ bm(k — m)
=k P = P T T kr 2
= (38)
a(k—m
R Tk , k<0,
B 2 o1 2Kk(n—3)
k=1Pp n-1’ - aln-1)2’
py (39)
-n
R=4/— >k , ck <0,
2 ~ a(k—n)?
m:kﬂﬁ: 7Pkn: b
k— 2ck(n—k+2
n ck(in—k+2) (40)
_ &
~V bm’
m=n=k =1 R=,/— a
I bm-+ ck’ (42)
p—1=0,a<0.

Case 11. When n = k # m, then the exact solution
of the K (k,m, k) equationsis given by

o= {Feze [0 (V")

wam( Sy

(42)
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For n =k < mwe get the solitary wave solution
A(k—1)? ak-1)
u={ 2= [sech(y /- 2o (8)
{ 2ck(k—3) [ ( 2ck ) 43)
ak—1)

e

Case 12. When n = k # m, then the exact solution of
the K (k, m, k) equationsis given by
B { _ 2ck(n—k+2)
N bm(k — m)

: [cosh\/?x(gnsanw_—A(g)]z}ﬁ,

where A= a(k— m)/2ck. For n=k < m, we obtain the
solitary wave solution
U { ~ bm(k—m)
2ck(n—k+2)

+csch( -

(44)

(45)

1

- [sechy/=A(E) +cschy A} T

Case13. Whenk =1,n# 1, then the exact solution
of he K(n,1,k) equationsis given by

—1)2 21—
gl ()
cam (R e) )

For n =k < mwe get the solitary wave solution
k(n— A(l—
=S ()
e[ e}

Case 14. When m = k # n, then the exact solution
of the K(n, m,m) equationsis given by

+sinh(\/%(§))r}ﬁ.
For m= k < n we get the solitary wave solution
a— { B en (/K e))
2ck(n—k+2) bm (49)

oy E )]}
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100
75
50
23

Case 15. When m = n = k, then the exact solution
of the K(n,n,n) equationsis given by

u=P{ cosh (\/%(x—i—y—lt))

+ s'nh(m(xw—m)}.
Whenk =m=n < 0, itiseasy to see that (50) becomes
u= P{sech(\/%(xw—m)

+ csch(\/%(xw—m)},

which isthe singular solitary wave solution of (4).

(50)

(51)

Remark 4. Wazwaz [ 13] obtained some compacton so-
Iutions for the nonlinear dispersive K(n,n), K(n,n,n)
and K(n,n,n,n) equations, but we present a new form
of the solitary pattern solutionsfor nonlinear dispersive
K(n,m,k) equations of Type C. This type of solution
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